We study the orbital susceptibility of coupled energy bands with a pair of Dirac points, as in graphene. We show that different systems having the same zero-field energy spectrum exhibit strong differences in their orbital magnetic response at zero energy, ranging from diamagnetism (graphene) to paramagnetism (dice lattice). A lattice model is introduced which interpolates continuously between these two limits. This striking behavior is related to a Berry phase varying continuously from π to 0. These predictions could be tested with cold atoms in an optical lattice.
Introduction -Among the fascinating electronic properties of graphene, orbital magnetism is certainly one of the least studied experimentally [1] . This is due to the difficulty of measuring the magnetic response of such a thin solid [2] . Theoretically, it has long been known that undoped graphene should be strongly diamagnetic [3] . This behavior is attributed to the response of Dirac-Weyl fermions which properly describe the low energy electronic properties of graphene. Here, we show that another simple system also featuring Dirac-Weyl fermions, the so-called dice (or T 3 ) lattice [4, 5] , surprisingly presents a huge paramagnetic response in a magnetic field. These two systems have the same zero field energy spectrum (see Fig. 1b ) but exhibit opposite magnetic behaviors (see Fig. 2 ). To shed light on this striking difference, we propose and study a lattice model which interpolates between these two extreme limits. The honeycomb (graphene) and the dice lattices are examples of electronic systems featuring coupled energy bands for which the Landau-Peierls (or single-band) approach [6] fails to obtain the orbital susceptibility χ. Here the band of itinerant electrons is made of two sub-bands touching at two Dirac points. In the case of graphene, by considering the vicinity of the Dirac points where the spectrum is linear, McClure showed that the magnetic field spectrum exhibits peculiar Landau levels (LLs) [3] . Neglecting the contribution of the rest of the band, he could derive a diamagnetic peak precisely at the Dirac point, i.e. for zero doping, where Landau-Peierls would predict a vanishing susceptibility. Later, Fukuyama developed a linear response formalism that takes inter-band effects into account [7] . This formalism has recently been applied to the tight-binding model of graphene to calculate χ(µ) where the chemical potential µ varies in the entire band [8] . The divergence of the susceptibility at µ = 0 appears as a δ(µ) peak, which is the signature of a non analytic behavior of the grand potential as a function of the magnetic field [9] .
In order to get a better understanding of the fundaarXiv:1306.6824v1 [cond-mat.mes-hall] 28 Jun 2013 mental reason for this peculiar behavior, we introduce and study a modified tight-binding model for spinless electrons hopping on the T 3 lattice, which we call α-T 3 .
Starting from the honeycomb lattice with two sites (A, B) per unit cell and a hopping amplitude t, the T 3 lattice is obtained by connecting additional (C) sites at the center of each hexagon to the B sites (see Fig. 1a ). The additional hopping amplitude (linking B to C) is denoted αt. Depending on the real parameter α, this model interpolates between graphene (α = 0) and the dice lattice (α = 1). Its interest is that the zero field spectrum (within a trivial appropriate normalisation) does not depend on α (see Fig. 1b ), while the zero field wave functions and the finite field spectrum present a continuous evolution which may be described by an α-dependent Berry phase. Then, we compute the low-energy LLs, from which we obtain the low field dependence of the magnetization. By considering different temperature limits, we explicitly show that the magnetic response continuously evolves from a diamagnetic to a paramagnetic behavior, when increasing α. We finally present simple arguments to explain this spectacular change of the orbital response, backup our low energy analytical results by numerical calculations on the full tight-binding model and suggest an experimental realization.
The α-T 3 model -We first introduce a convenient parametrization of α with the angle ϕ such that tan ϕ ≡ α. Due to the three sites per unit cell, the Bloch Hamiltonian has a 3×3 structure and reads (after rescaling the energy by cos ϕ [10] ):
where
are Bravais lattice vectors (Fig. 1a) , a is the inter-site distance and the wavevector k = (k x , k y ). The model has a α → 1/α duality and we therefore restrict ourselves to α ∈ [0, 1]. The corresponding spectrum is independent of α and consists of three bands each of them carrying 1/3 of the states: a zero-energy flat band k,0 = 0 and two dispersive bands k,λ = λ|f k |, with the band index λ = ±, see Fig. 1b . The latter are identical to the bands of graphene [1] and feature two inequivalent contact points at the corners ±K of the hexagonal Brillouin zone, where f (±K) = 0. To distinguish these two contact points, we introduce a valley index ξ = ±. Close to zero energy, linearization near ξK gives f k v(ξq x − iq y ) where the velocity v ≡ 3ta/2, q = k − ξK and we have set ≡ 1. The low-energy spectrum is therefore q,0 = 0 and q,λ = λv|q| and electrons behave as massless fermions. The eigenvectors in the whole Brillouin zone read
where f k = |f k |e iθ k defines the angle θ k and |ψ 0 corresponds to the zero energy flat band. For a path encircling a single valley, the finite energy bands are characterized by a Berry phase φ λ,ξ = ξπ cos 2ϕ, while the flat band has a Berry phase φ 0,ξ = −ξ2π cos 2ϕ ≡ ξ4π sin 2 ϕ (modulo 2π). Note that φ 0,ξ + λ φ λ,ξ = 0, ξ φ λ,ξ = 0 and ξ φ 0,ξ = 0 as it should. It is remarkable that, except for α = 0 or 1, the Berry phase φ λ,ξ is different in the two valleys. These Berry phases are topological but not π-quantized.
Dirac-Weyl Hamiltonians -
For α = 0, the Bloch Hamiltonian becomes block diagonal
model is simply that of graphene except for the additional zero energy flat band originating from the uncoupled C atoms. As this flat band is inert and does not change the physics whatsoever, we will refer to the 0-T 3 model as graphene, notwithstanding the three sites per unit cell. Close to each valley, the linearized Hamiltonian can be written in the Dirac-Weyl form H ξ = v (ξq x σ x + q y σ y ) ⊕ 0, where σ x , σ y are spin 1/2 Pauli matrices [1] . For α = 1, the α-T 3 model is that of the usual dice lattice [4] . We will refer to the 1-T 3 model simply as dice. In the vicinity of the contact points, the Hamiltonian may be linearized as H ξ = v (ξq x S x + q y S y ), similar to graphene except that S x , S y are now spin 1 matrices. This low-energy Hamiltonian is that of Dirac-Weyl fermions with pseudo-spin 1 [11] . The α-T 3 model therefore provides a continuous interpolation between pseudospin 1/2 (α = 0) and pseudo-spin 1 (α = 1) massless fermions. However, when α = 0, 1, the model involves more than a single pseudo-spin operator.
Landau level spectrum -We now add a perpendicular magnetic field B to study the evolution of the LL spectrum with the parameter α. To do so, we restrict ourselves to the vicinity of the contact points where the zero field spectrum is linear, that is an energy interval [−W, W ] where W is an energy cut-off, typically smaller than t. Performing the usual Peierls substitution q x ± iq y → √ 2eBâ † /â, that introduces ladder operators such that [â,â † ] = 1, the low-energy Hamiltonian in the K valley becomes:
where B ≡ v √ 2eB is a characteristic magnetic energy. In the other (K ) valley, H − is obtained from H + by the substitutionâ → −â † . The Landau spectrum in each valley is given by l,ξ = ± B l + γ ξ , where l ∈ N is the Landau index and γ + = sin 2 ϕ = 1 − γ − is a valleydependent index shift. The latter is related to the above computed Berry phase φ λ,ξ via the semiclassical relation γ ξ = 1/2 − φ λ,ξ /2π, see e.g. [12, 13] , which is here found to be exact. As γ ξ depends on the valley index, the twofold valley degeneracy is lifted by the magnetic field as soon as α = 0, 1. In order to treat both valleys at once, it is convenient to relabel the LLs as
with γ = γ + and a new Landau index n ∈ Z that now also takes negative values. When α = 0, 1, each LL n has a degeneracy eB/h per unit area. LLs are plotted as a function of α in Fig. 3a . For graphene (α = 0), the Landau spectrum is well-known to be n = ± B |n|, n ∈ Z, including a zero energy LL [3] . For the dice lattice (α = 1), it is given by n = ± B |n + 1/2|, n ∈ Z [11] . For all α, in addition to the above discussed LLs, a zero-energy flat band of topological origin exists in an arbitrary magnetic field, carrying 1/3 of the states (for α = 1, see [5] ).
Grand potential and magnetization of Dirac conesIn order to compute the orbital magnetization, we work in the grand canonical statistical ensemble and consider the low energy LL spectrum (4). The grand potential is written as Ω(µ, T ) = N ( )f µ ( )d , where N ( ) is the doubly integrated density of states (DoS), measured from the bottom of the spectrum and f µ ( ) is the FermiDirac function with chemical potential µ and temperature T = 1/β (with k B ≡ 1) [14] . It is then convenient to write it as a function of the doubly integrated DoS N 0 ( ) measured from zero energy. Neglecting terms which are field independent, we find that the field dependent part δN ≡ N (B) − N (B = 0) can be written as δN ( ) = δN 0 ( ) − δN 0 (−W ) where W is the energy cutoff (in the low field limit W/ B → ∞) [15] . The DoS (per unit area) in the vicinity of the contact points is given by
including the valley degeneracy. The contribution of the flat band, which is field independent, has been excluded. The Poisson formula leads to the Fourier decomposition of this DoS:
After a double integration, we obtain N 0 ( ) and δN ( ) [15] . Then, we find that the field dependent part of the grand potential (per unit area) is given by
and ∆(x) ≡ 1 − 2S(|x|) in terms of the Fresnel function S(x). As we now show, the sign of the grand potential depends on the index shift γ.
First consider the low temperature T B limit. The thermal function f µ ( ) → −δ( − µ) so that the grand potential becomes
where the function w α (x) ≡ ∞ p=1 cos 2πpγ p 3/2 ∆(2 √ px), exhibiting de Haas-van Alphen oscillations, is plotted in Fig. 3b . It generalizes the function calculated by McClure in the case of graphene α = 0 (Fig. 3 of ref. [3] ). In the particular case µ = 0, the magnetization M α = −∂δΩ α /∂B is non-analytic (for α = 0 see [9] )
and
with Li n (z) the polylogarithm function [16] . The square root behavior (9) can not be captured by linear response approaches. A similar anomalous scaling M ∝ √ B was found for nodal fermions in [17] . For graphene (α = 0, γ = 0), the prefactor is
; whereas for dice (α = 1, γ = 1/2), we find
Contrary to the case of graphene, the dice lattice is paramagnetic. This is confirmed numerically (see below) as shown in Fig. 2b . More generally, C α /|C 0 | is plotted as a function of α as a full line in Fig. 4b . The magnetization crosses over from dia-to para-magnetism when increasing α. The magnetization changes sign when α c 0.49065, corresponding to γ 0.19403. Note that the duality α → 1/α implies that
Second, at finite temperature T B , on the scale of the thermal function, we can replace ∆(x) by (4/π)δ(x) so that Eq. (7) shows that the grand potential now varies like B 2 , which is the standard linear response behavior [14] . The susceptibility −∂ 2 Ω/∂B 2 | B→0 is found to be
as found by McClure when α = 0 [3] (spin degeneracy is not included here) and where ζ γ (2) is defined in Eq. (10). In the T → 0 limit (still with T B ), it can be written as χ 0 = −(e 2 v 2 /3π)δ(µ). The sign change of χ α occurs at α 0.51764, which is not exactly at the same value as for M α in the T B limit. Duality implies that χ 1/α = χ α .
Numerics -We now consider the energy levels in a magnetic field for the infinite α-T 3 lattice (Hofstadter spectrum, see [5] for α = 1 and [19] for α = 0), and compute the grand potential numerically. For a similar numerical approach, see [18] . First at T = 0 and µ = 0, we find that the magnetization M α is the sum of an anomalous C α √ B and a regular D α B contribution (Fig. 4a) . The coefficients C α and D α are plotted in Fig. 4b ; C α is properly given by Eq. (9). The α-dependent regular contribution D α B is expected to come from interband contributions due to lattice effects beyond the Dirac cones approximation. In that respect, a perturbative approach, such as that developed in [8] for α = 0, might be helpful to quantitatively describe the fitted parameter D α .
Next, we compute the finite temperature (T B ) susceptibility χ as a function of µ in the whole band for different values of α and for T t (Fig. 2a) . For α = 0, aside from the central diamagnetic peak, we recover the χ(µ) of [8] . For all α, we checked the following sum rule: the integral of the orbital susceptibility over the whole band dµχ(µ) vanishes [15] . Note that single band approaches [6] , see also [7] , predict an α-independent susceptibility that does not satisfy the sum rule. The α-dependent χ(µ) is an indication of the importance of wavefunction dependent interband effects that deserve a more quantitative study using perturbative approaches. At µ = 0, the susceptibility is a linear function of 1/T (Fig. 2b) with a slope which is well fitted by −e 2 v 2 ζ γ (2)/(12πζ(2)) as predicted by Eq. (11). The slope changes sign from dia-to paramagnetic behavior at α ≈ 0.52.
Discussion -The physical origin of this dia-to paramagnetic crossover may be understood following usual textbook arguments. Figure 5 shows how the zero field spectrum coalesces into LLs for the cases of graphene and dice lattices. In the case of graphene, the contribution of each slice [E n−1 , E n ], which condenses into the LL of energy n , decreases the energy, and therefore gives a paramagnetic contribution. However the contribution of the first (red) slice [0, E 0 ], which condenses into the zero energy LL 0 = 0, increases the energy and thus provides a diamagnetic contribution which actually compensates the total paramagnetic contribution of all other slices, giving a total diamagnetic contribution. In the case of the dice lattice, the contribution of all slices is paramagnetic, leading to a total paramagnetic contribution. Therefore the contribution of the zero-energy LL in graphene is essential: although its energy is field independent, its degeneracy is proportional to B and the condensation into this mode increases the total energy. In the intermediate case, the two-fold degeneracy of the levels is lifted (Fig. 3a) , the n = 0 LL acquires a finite energy, therefore its contribution becomes less important. There is a continuous cross-over between the two extreme cases represented in Fig. 5 . The qualitative argument following this figure can of course be turned into a quantitative calculation of the grand potential, which reproduces the results obtained above.
Conclusion and experimental proposal -We have shown that the orbital susceptibility of a system featuring Dirac cones can be continuously tuned from dia to paramagnetic as a function of a hopping parameter α. Such an α-T 3 model can be realized experimentally with cold fermionic atoms loaded in an optical lattice. Following the proposal of [20] for the optical dice lattice (α = 1), one simply needs to dephase one of the three pairs of laser beams to obtain α = 1 [15] . Adding an artificial U (1) gauge potential to simulate a perpendicular magnetic field [21] , the internal energy and the entropy (and therefore the free energy) of the trapped Fermi gas could be measured following the techniques of [22] . From the dependence of the free energy on the magnetic field, the sign change of the susceptibility as a function of α could be directly tested. De Haas-van Alphen oscillations could be studied as well [23] .
We acknowledge help from G.M. Tia at an early stage of this work and useful discussions with the mesoscopists in Orsay. δN ( ) ≡ N ( , B) − N ( , B = 0) . The field dependent part of the doubly integrated DoS is therefore
and that of the grand potential is given by δΩ
The quantity N 0 ( ) is obtained from (6) and reads
where S(x) is a Fresnel integral :
From Eqs. (12) and (13), we obtain the field dependant part of the grand potential (7).
Supplemental material: Susceptibility sum rule It seems to be well known that there is a susceptibility sum rule for tight-binding models, see e.g. [8] . However, as we are not aware of a proof, we provide one here. Consider a tight-binding model with Hamiltonian H = j j |j j| + j =l t jl |j l| in real space, where j are on-site energies and t jl are hopping amplitudes. In a magnetic field, the hopping amplitudes t jl are multiplied by exp(i e l j A · dl), where A is a vector potential (Peierls substitution), and the on-site energies are unaffected. First, TrI = j 1, TrH = j j and
Second, at T = 0, 2 TrI = constant. Now, the zero temperature susceptibility is given by χ(µ, 0) = − ∂ 2 Ω ∂B 2 | B→0 and therefore by differentiating the previous result twice with respect to B, we find the sum rule We follow the proposal of [20] . Take three pairs of lasers beams with wavevector k L making a 2π/3 angle. The electric field is linearly polarized in the xy plane. These three pairs of laser beams interfere to produce an optical potential given by the modulus square of the total electric field. This gives the following dice-like potential
shown in Fig. 6a . The on-site energies of the hub (B) and rims (A and C) are equal. The nearest neighbor hopping amplitudes are such that t AC t AB = t BC , corresponding to α = 1. The inter-site distance is a = 4π/(3k L ) = 2λ L /3. Now dephasing one of the three pairs of lasers by φ gives:
which realizes the α-T 3 model (see Fig. 6b ). The parameter α is controlled by the dephasing φ. The on-site energies are still equal and t AC
